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Consider an equivalence (conjugacy) class c of a group G. Two elements

a and b in c are related by

a= g−1bg (1)

where g ∈ G is some element in G (not necessarily in c). The number of
elements in c is nc.

The class average is defined as

K (c)≡ 1
nc

∑
i

g
(c)
i (2)

where g
(c)
i is an element in c, so the sum is over all the elements in the

equivalence class c.
For a general group, the sum of group elements does not always have

a meaningful interpretation in the real world. Group elements are usually
combined using group multiplication rather than addition. However, if we
represent the elements in a group by matrices, then we can interpret K (c)
as the sum of a set of matrices.

We can also consider products of class averages, as in the product of the
averages for classes c and d

K (c)K (d) =
1

ncnd
∑
i

∑
j

g
(c)
i g

(d)
j (3)

This is known as the class algebra. The double sum involves multiplying
(on the left) every element g(c)i in class c by every element g(d)j in class d.
Zee claims that this result can be written as a linear combination of class
averages, in the sense

K (c)K (d) = ∑
e

Γ(c,d;e)K (e) (4)

where the coefficients Γ(c,d;e) (it is claimed by Zee in Chapter II.2, Ap-
pendix 3) are positive integers. This appears to be false, as the examples
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g1

g2
I (12) (13) (23) (123) (132)

I I (12) (13) (23) (123) (132)

(12) (12) I (132) (123) (23) (13)

(13) (13) (123) I (132) (12) (23)

(23) (23) (132) (123) I (13) (12)

(123) (123) (13) (23) (12) (132) I

(132) (132) (23) (12) (13) I (123)
TABLE 1. Multiplication table for S3.

below show. Not all K (e)s appear in the sum, so some of the Γs will be
zero, not positive, and in some cases, Γ comes out to be a fraction.

As an aside, Zee claims (in Chapter II.2, Appendix 5) that

K (c)K (d) =K (d)K (c) (5)
The products of elements fg and gf are always in the same class (see The-
orem 4 here), so the products g(c)i g

(d)
j (from K (c)K (d)) and g

(d)
j g

(c)
i (from

K (d)K (c)) are both in the same class, but it’s not obvious that both these
products appear in both K (c)K (d) and K (d)K (c) (remember that in gen-
eral, c and d are different classes). It is true for the examples here, but I’m
not sure how you prove it in general. Comments welcome.

Anyway, we can calculate 3 for a couple of cases to see how it works out.

Example 1. Consider S3, the permutation group for 3 objects. The multi-
plication table for the permutation group S3 is given in Table 1.

We’ve seen that the members of a class of a permutation group all have
the same cycle structure, so the classes of S3 are

{I} ,{(ab)} ,{(abc)} (6)
That is, all the odd permutations (single swaps) are in one class, and the
even swaps (apart from I) are in another class, with nI = 1, n(ab) = 3 and
n(abc) = 2. From 3 we have

K (ab)K (abc) =
1

3×2 ∑
i,j

(ab)i (abc)j (7)

By consulting Table 1 this gives
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c

d
I (ab) (abc)

I K (I) K (ab) K (abc)

(ab) K (ab) 1
3K (I)+K (abc) K (ab)

(abc) K (abc) K (ab) 1
2K (I)+ 1

2K (abc)

TABLE 2. Class algebra K (c)K (d) for S3.

K (ab)K (abc) =
1
6
[(23)+(13)+(12)+(23)+(13)+(12)] (8)

=
1
3
[(12)+(13)+(23)] (9)

=K (ab) (10)

Similarly, we have, for two equal classes:

K (ab)K (ab) =
1
9
[3I+3(123)+3(132)] (11)

=
1
3
I+

1
3
[(123)+(132)] (12)

=
1
3
K (I)+K (abc) (13)

Thus in this case, the coefficient Γ((ab) ,(ab) , I) = 1
3 , which is not an inte-

ger, contrary to Zee’s claim.
By similar calculations, we can work out the entire table, as in Table 2.

Example 2. For a more complex example, we can consider the dihedral
group D5 for a pentagon, as in Fig. 1.

The classes of D5 are

{I} ,{sg, sy, sr, sb, sp} ,
{
r,r4} ,{r2, r3} (14)

where r is a rotation by 2π
5 counterclockwise and si is a reflection about one

of the medians, where the subscript indicates the colour: green, yellow, red,
blue or purple.

To calculate the class algebra, we need the multiplication table for D5
in Table 3. Although this table may look tedious to calculate, we can use
symmetries to produce most of the entries after working out one or two
rows. For example, after working out the row for r, we can generate the
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FIGURE 1. Dihedral group D5 for a pentagon.

row for r2 by cyclically permuting the entries in the first 5 columns, and
again in the last 5 columns.

We’ll denote the classes 14 by the symbols I , s5, r14 and r23. Then the
class algebra can be worked out by consulting Table 3. For example

K (s5)K (r14) =
2

10
(sr+sp+sy+sb+sg) (15)

=K (s5) (16)

For equal classes, we have

K (r14)K (r14) =
1
4
(
2I+ r2 + r3) (17)

=
1
2
[K (I)+K (r23)] (18)

Again, the coefficients Γ(r14, r14;I) and Γ(r14, r14;r23) are not integers.
The complete class algebra is shown in Table 4.
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g1

g2
I r r2 r3 r4 sp sy sb sg sr

I I r r2 r3 r4 sp sy sb sg sr

r r r2 r3 r4 I sy sb sg sr sp

r2 r2 r3 r4 I r sb sg sr sp sy

r3 r3 r4 I r r2 sg sr sp sy sb

r4 r4 I r r2 r3 sr sp sy sb sg

sp sp sr sg sb sy I r4 r3 r2 r

sy sy sp sr sg sb r I r4 r3 r2

sb sb sy sp sr sg r2 r I r4 r3

sg sg sb sy sp sr r3 r2 r I r4

sr sr sg sb sy sp r4 r3 r2 r I

TABLE 3. Multiplication table for D5.

c

d
I s5 r14 r23

I K (I) K (s5) K (r14) K (r23)

s5 K (s5)
1
5K (I)+ 2

5 [K (r14)+K (r23)] K (s5) K (s5)

r14 K (r14) K (s5)
1
2 [K (I)+K (r23)]

1
2 [K (r14)+K (r23)]

r23 K (r23) K (s5)
1
2 [K (r14)+K (r23)]

1
2 [K (I)+K (r14)]

TABLE 4. Class algebra K (c)K (d) for D5.


